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The introduction of derivative, avoiding limit of a quotient difference, given 
recently by 0. Shisha (J. Math. Anal. Appl. 113 (1986), 28C-287), is presented in a 
somewhat simplified form. ( 1987 Academic Press, lnc 
1. In a recent article in this Journal, [ 11, 0. Shisha has shown that the 
derivative of a real, continuous function (and, in fact, of a more general 
one) can be defined in a way which is intuitively and geometrically 
suggestive but avoids limit of a difference quotient. His definition of 
derivative is based on the concept of direction that he has introduced in the 
same paper. A direction of a real function f at a real point 5 is a real num- 
ber d such that in every open real interval containing 5 there are points a, b 
with 
a<<<b, [f(b) -f(a)ll(b - a) = 4 
namely, the chord joining the points (a, f(a)), (6, f(b)) has “slope” d. 
The purpose of the present note is to somewhat simplify that definition 
of derivative and the related Theorems 1 and 2 of [ 11. 
2. THEOREM l*. Let f be a real function, continuous on some open real 
interval I containing 0 and let f (0) = 0. A necessary and sufficient condition 
that f ‘(0) = 0 is that 1 f 1 has no direction #O at 0. 
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Proof: Necessity is a special case of the necessity of Theorem 2* which 
follows. To prove sufficiency, it is enough to show 
fl, (0) = 0, (1) 
where f’+ denotes the right derivative of 5 For, applying (1) to f( -x), we 
obtain j-1 (0) = 0. 
Suppose (1) is false. Then there are positive E, 6,) b,, b3, . . . such that, for 
n = 1, 2, . ..) 
I f(bJllb, > 8, 6, < l/n. (2) 
Let J be an open real interval containing 0, and choose a negative 
CI E In J. Then, as f(0) = 0, for a suffkiently large n, 
b,EJ, m- If(a)I + If( -&z<O. (3) 
Consider the function 
g(x) = EX- I f(x)1 + If( - 4, 
continuous on I. As, by (3) and (2) 
g(cf) < 0 < g(O), 
there is an a E (CI, 0) with g(a) = 0. So 
aEJ,b,EJ,a<O<b,, Clf(Ul- If(a)ll/(bn-a)=&. 
Thus, E > 0 is a direction of I f I at 0. 
THEOREM 2*. Let 5 and C be real numbers and let f be a real function, 
continuous on some open real interval containing 5. A necessary and 
sufficient condition that f’(<)=C is that If(x)-f(r)-C(x-t)l has no 
direction #O at r. 
Thus, for a real function f, continuous on an open real interval 
containing a point 5, f’(r) can be defined, without appeal to limit of a dif- 
ference quotient, as the unique C (whenever such unique C exists) for 
which If(x)-f(4)-CC-OI h as no direction #O at 5. (Of course, by 
Theorem 2*, uniqueness of such a C is equivalent to its existence.) 
Proof of Theorem 2*. Necessity. Clearly, 
But this implies the desired conclusion [l, the sentence of (2)]. 
DERIVATIVE WITHOUT LIMIT 
Sujj%:ciency. Applying the suficiency in Theorem 1* to 
f(xkf(x+wf(~)-cx, 
we havef’(t)=f’(O)+C=C. 
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